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CryoSat-2 pulse-limited echoes!

8 dB when the system is operated over a uniform spher-
ical surface, of an Earth radius, and backscattering coef-
ficient of !10 dB. The antennas are linearly polarized
with an orientation parallel to the interferometer
baseline.

In SARM, the same receive chain is used, but the
mode differs in the timing of its transmissions and the
formation of the measurement data (Fig. 3). The pulses
are transmitted in groups, !bursts", of 64 pulses with a
PRF of 18.182 kHz. During a burst, the carrier phase
is locked to the transmission timing so that the transmis-
sions within the burst are phase coherent. Each burst is
transmitted with a burst-repetition frequency (BRF) of
87.5 Hz. The length of the burst, 3.6 ms, and the interval
between the bursts, 11.7 ms, are sufficient for the echoes
from a transmitted burst to be sent via the duplexer to
the receive chain before the next burst is transmitted
(a !closed" burst arrangement).

During the reception of a burst, the timing of the de-
ramp chirp is held constant (to avoid introducing differ-
ential phase shifts between the transmissions of the
burst). As in LRM mode, echoes are power detected
and accumulated (over 46.7 ms) to provide closed loop
control. However, in contrast to the LRM, the measure-
ment data comprise the 128, I and Q, !time-domain"
samples of each individual echo, directly from the A/D
converters. As with the LRM, the SARM tracking spec-
trum spans a range window of 60 m with a range resolu-
tion of 0.469 m, as will the measurement spectrum, once
the data are processed on ground.

In SARInM, a 350 MHz, 64 pulse, 18.182 kHz PRF
burst is again transmitted, but with a lower BRF of
21.4 Hz (Fig. 3). The echoes are directed via the duplex-
er to the two receive chains. The timing of the deramp
chirp is identical for each chain (so as not to introduce
differential phases between the two receive chains). In
contrast to SARM, the sampling interval at the A/D
converters is reduced to 0.0875 ls and 512, 8-bit, I and
Q samples are generated for each receive channel. The

SARInM measurement data comprise these time-do-
main samples of each individual echo from each receive
channel, directly from the A/D converters. The decrease
of sampling interval means that the SARInM spectrum
spans a range window of 240 m with a range resolution
of 0.469 m, once the data are processed on ground.

However, in contrast to the LRM and SARM, the
SARInM measurement data are not used to inform
the closed-loop control of the instrument. Instead, the
longer interval (of 46.7 ms) between the measurement
bursts is employed to transmit 40 MHz bandwidth
pulses. The echoes from these pulses are received on a
single channel, sampled at 0.35 ls, passed through the
FFT, power detected and accumulated over the
46.7 ms interval. The resulting averaged, spectral-do-
main power provides for the closed-loop control of the
instrument. This spectrum spans a range window of
480 m with a resolution of 3.75 m. This arrangement
provides the SARInM with a tracking range window
larger than that of the measurement range window
(480 m versus 240 m) to provide for robust closed-loop
control over regions on Earth of significant topography.

In addition to the operational modes, SIRAL has an
acquisition mode (ACQM) that is used to initialise the
closed loop control, and two calibration modes,
!CAL1M" and !CAL2M". The CAL1M calibrates the
DPU and RFU signal paths (excluding the transmission
amplifier and duplexer) for the deramp chirp timing and
the receiver gain, intra-burst phase rotations (which pro-
vide phase calibration to the aperture synthesis) and the
SARInM phase difference as functions of frequency and
automatic gain control (AGC) setting. A 64-pulse burst
is directed through an attenuating connection between
the transmission and receive chains to achieve this.
The deramp chirp frequency is offset to allow the cali-
bration to be made at 11 frequencies lying within the
measurement spectrum. CAL2M provides detailed cor-
rections for the variation of receiver gain across the
measurement spectrum. It is implemented by averaging

Fig. 4. (a): The Cryosat antennas" one-way gain pattern. Contours are in dB. In the satellite coordinate frame, !elevation" refers to the along-track
direction. (b): The interferometer phase difference pattern. Contours are in degrees of phase difference.
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CryoSat has a slightly elliptical antenna pattern with an ellipticity 
of 0.98. #
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that although we approximated (1) in a different way [(4)] from
Brown [7], our result is consistent with his approximation.

The second special case occurs when there is no surface gra-
dient (or, equivalently, mispointing), in which case

(11)

This is the impulse response of a spherical rough surface illu-
minated normally with an elliptical antenna. It shoes how the
decay of the trailing edge is governed by the parameters and

when the pattern is elliptical.
This result may be further approximated when the gain pat-

tern becomes very narrow in one direction. In this case, ,
and one may use the approximation . One then
has

(12)

which is the impulse response of a line pattern (see, e.g., [10]).
One may also seek an asymptotic approximation to (7) under

the assumptions that the ellipticity of the pattern is small and
that the surface gradient (or mispointing polar angle) is small.
Specifically, we suppose

(13)

In this case

(14)

The first equation follows on expanding the exponential inside
the integral in (7) to second order and recognizing that the first-

Fig. 2. The normalized impulse response for a spherical surface with values of
the antenna pattern ellipticity of 0, 0.101 (that of CryoSat-2), 0.4, 0.7, and 0.9.
Increasing ellipticity corresponds to decreasing magnitude.

order term integrates to zero. The second equation then follows
on performing the integration.

IV. NUMERICAL EXAMPLES

In the following, ms , km, and
. These apply particularly to the CryoSat-2 mission,

but are typical of Earth-orbiting, pulse-limited altimeters.
We illustrate first the effect of varying the ellipticity. We take

the fixed value of equal to that of CryoSat-2, that is 0.0148
radians (0.847 ). Fig. 2 shows function from
(11) for a spherical surface for a range of ellipticities. For a
circular antenna, the area per unit time contributing to the echo
is a constant; the decay of the echo is entirely that due to the
antenna pattern. As the ellipticity increases, the illumination is
increasingly focused along the major axis. In the limit ,
the illumination is entirely focused on the line of the major axis,
and the echo decay is very largely that of the length per unit
time contributing to the echo—the term in in (12); the
along-axis pattern makes little contribution.

We now turn to the specific elliptical pattern of the CryoSat-2
SIRAL pattern [10]. This pattern is closely approximated within
its 3-dB beamwidth by (2) with rad and

rad [10], that is, and . The ellip-
ticity of this pattern is 0.101. The impulse response when nadir
pointed at a spherical surface is shown in Fig. 2 and does not
differ greatly from that of a circular antenna (the case in
Fig. 2). We anticipate, therefore, that (14) will provide a useful
approximation in the case of CryoSat-2. To test this anticipa-
tion, we investigate error introduced by the approximation of
(14) with a mispointing angle of 0.1 , which is the control ac-
curacy of the CryoSat-2 platform. We also note that not all the
echo is used in a measurement; typically, only some 200 ns cen-
tered around are employed. In evaluating the terms in
(14), we therefore take ns as the largest echo delay of
interest.

Fig. 3 shows the relative error committed by use of the ana-
lytic form (14) in place of a numerical integration of (7). It can
be seen that the error is everywhere smaller than one part in
and therefore a good approximation to describe the effects of
ellipticity, which are (as we discuss next) themselves small. In
calculating Fig. 3, we established the accuracy of the numerical
integration of (7) to be one part in through comparison to
(11) with set equal to 0. The calculation also serves to provide
a numerical check of the algebra of (7) through to (14).

As Fig. 3 shows, when the antenna is mispointed, the ellip-
ticity introduces a new effect over that of a circular antenna,
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The effect is to alter (slightly) the surface impulse response from 
that of a circular pattern#

Then, for CryoSat-2, the effect can be described 
to an accuracy of 0.7 % for mispointing angles up 
to 0.2˚ by Brownʼs impulse response provided 
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The Mean Echo and Echo Cross Product From a
Beamforming Interferometric Altimeter and Their

Application to Elevation Measurement
D. J. Wingham, Laurent Phalippou, C. Mavrocordatos, and D. Wallis

Abstract—This paper describes the echo from a beamforming
interferometric altimeter from a uniformly scattering surface in-
clined at an angle to a sphere, underlain by a uniformly scattering
volume. The rough “surface” impulse response and the echo and
interferometric cross product are determined as functions of the
beam direction and the vector surface gradient. These expressions
are used to determine the multilooked echo and interferometric
phase from such a system. The “effective” number of looks and
the multilooked echo coherence, which determine the statistics of
the echo power and the interferometric phase, are defined. The de-
pendence of the multilooked echo power and interferometric phase
are investigated as functions of the surface vector gradient, surface
roughness, volume scattering, and SNR. These behaviors are illus-
trated using values based on a practical system. The precision of
the elevation measurement is examined in the light of the effective
number of looks and the coherence of the multilooked echo and
cross product. Some conclusions concerning the practical recovery
of the range from the echo power are discussed.

Index Terms—CryoSat, ice sheets, interferometry, radar al-
timeter, sea ice.

I. INTRODUCTION

OVER THE PAST decade, new information concerning the
shape, balance velocities, and contribution to sea level of

the earth’s large ice sheets has been provided by satellite al-
timetry [1]–[4]. More recently, marine ice thickness has also
been successfully recovered from satellite radar altimeter obser-
vations, providing the first observations of synoptic variations
in Arctic sea ice mass [5], [6]. These new discoveries are the
more remarkable for having employed opportunistically an al-
timeter design developed in the 1970s to determine the shape of
the marine geoid from the normal-incidence backscatter from
the ocean [7], a surface characterized by a very low curvature
and homogeneous scattering properties. Nonetheless, the limi-
tations of pulse-limited altimeter design have restricted the use
of satellite altimeters in the determination of land and marine ice
fluctuations. In the marginal regions of ice sheets where curva-
tures are significantly higher than in the interior, altimeter per-
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Fig. 1. Satellite altimeter concept. The directional gain of a normal-incidence
pulse-limited altimeter determined by its antenna is narrowed in the along-track
direction through the use of coherent processing. Following processing, the
“effective” illumination of the surface is the product of the antenna gain and
that of the “beam” formed by the processing; the net effect is that the altimeter
effectively illuminates a narrow across-track strip (solid black line). A second
antenna arranged in the across-track direction allows the across-track direction
of the echo from the strip to be determined through interferometry. As the
satellite moves along its orbit, more than one “look” at the same surface strip
is possible, and statistical fluctuations of the echoes arising from the strip may
be reduced through summation. In practice, multiple beams are formed at each
satellite location (a few of these are indicated by dashed lines), and the multiple
looks at a particular strip are formed by selecting a different beam from each
satellite location.

formance is degraded or lost completely, while sea ice freeboard
observations are presently limited to very large floes.

The limitations of pulse-limited altimeters, for the ice sheet
problem at least, have led to the development of optical, laser
altimeters, of which the first has recently been launched on the
U.S. satellite “ICESat” [8]. On the other hand, the all-weather
capability of radar sensors, and the thus far unique capability
of the radar altimeter to measure sea ice freeboard, has led to
selection of a beamforming interferometric radar altimeter as
the main payload of the European “CryoSat” satellite [9], with
a view to providing from mid-2004 observations of the earth’s
ice sheets and Arctic sea ice. The concept of this instrument,
which is illustrated in Fig. 1, is to employ beamforming in the
along-track direction to improve on pulse-limited resolution and
SNR, while, in regions of undulating terrain, to use across-track
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with , describes the beam directed at the nadir point
in Fig. 2. In this case, and putting for convenience, (22)
becomes

(24)

Here, is the modified Bessel function. The asymptotic be-
havior of this function provide the limiting behaviors

(25)

For small delays, the impulse response has the dependence
that is characteristic of pulse-limited altimetry. This arises be-
cause, for small delays, the isorange line (“range-ring”) falls en-
tirely within the beam gain. At longer delays, the dependence
changes to . At these delays, the beam gain illuminates
only a small part of the range ring (rather as drawn in Fig. 4), and
the system is beamlimited along-track, while remaining pulse-
limited across track.

Taking the limit in (25) whilst insisting remains
finite has the effect of making the beam gain negligible except
along the line of scatterers that coincide with the maximum gain
of the beam, and in this case the large limit of (25) holds for
all , as observed previously [13], [19].

A second special case occurs on setting the beam gain to
unity. In this case, (22) for the power impulse response reduces
to that of a conventional, pulse-limited altimeter. In fact, in this
case

(26)

which is Brown’s rough surface impulse response [20], once
allowance is made for the fact that Brown considered a “mis-
pointed” antenna, whereas we consider a surface inclined to a
sphere.

Expressing the impulse response in terms of the delay is
conventional in pulse-limited altimetry. In the case of the beam-
forming altimeter this is not the most useful representation.
Given that the along-track beam width is very much smaller

Fig. 5. Normalized power impulse response
of a spherical surface for the sequence of values of look angle

rad. Increasing look angle corresponds to a smaller
maximum.

than that of the antenna , the integral in (22) is dominated
by the contribution of the beam. One may anticipate from (22)
that the “earliest appreciable part” of the echo occurs around
the earliest times for which the argument of the beam function
in (22) is zero, i.e., when

(27)

This is illustrated in Fig. 5, which shows a set of five, normal-
ized impulse responses from a spherical surface calculated for
the look angles rad. In this
case , so the figure simultaneously illustrates the same
sequence of values of . The rightward shift in the maximum
of the impulse response, increasing parabolically with , is
apparent in the figure. [The most leftward of the impulses re-
sponses is that of (24); the remainder were calculated numeri-
cally from (22).]

One other effect of increasing is also worth noting: the
fall in magnitude and broadening of the impulse responses. This
is due to the fact that as increases, the range of delay times
occupied by the fixed angular width of the beam also increases,
quadratically with . There is also a drop in magnitude as
increases due to the change of the antenna gain with delay time
[the leading exponential in (22)], but, in fact, for the range of
in this example, the change of antenna gain is very small, and
the illustrated effect is almost entirely due to the relationship of
delay time to beam width. (Unless otherwise stated, the numer-
ical values of the antenna and other parameters used in this and
later illustrations are those given in the list of symbols.)

Having obtained the impulse response, we turn to obtaining
the power and echo cross product through the convolution (17).
In pulse-limited altimetry, an asymptotic evaluation [20] of this
convolution integral is widely used in practice, based essen-
tially on the assumption that the pulse duration is very much
less than the echo duration. This assumption is of limited use in
the present case, because, as Fig. 5 shows, the behavior of the
impulse response is very much more complex than that of the
pulse-limited case. It may be used as , and in this case

(28)

showing that the trailing edges of power and cross product
follow that of the impulse response. Beyond this, it seems one

Normal incidence beam#

0.6˚ incidence beam#

Ford & Pettengill, J. Geophys. Res., 1992#



2dlc = (2lc)[rlth2+4r(r+h)sin2(012)]-lJ and v' = (2f cvhlc)x
cosSsiny. Tho second term on the right hand side of equation
(2) models the response of the planetary surface to radiation
incident at an angle 0'as given by [Hagfors, 19701

c o l
oe(O' )=7(cos*0 '+Cs in '0 ' ) '  (3 )

where p represents the Fresnel power reflection coefficient of
the surface, related to the (possibly complex) dielectric con-
stant e, and C is a parameter that is interpreted as the inverse
square of the RMS surface roughness at a scale of meters to
tens of meters. The last terrn on the right-hand side of equa-
tion (2) represents the antenna beam pattern as a double
Gaussian of width axD.

The function a(T,v) has been calculated for many values of
delay t, Doppler shift v, altitude h, arrd Hagfors' parameter
C, so that these values may be compared with the echoes
detected by the Magellan altimeter. Given the observed echo
power O(/) sampled at 302 half-baud delay intervals, we may
estimate the three surface parameters po (range to nadir,
surface reflectivity, and Hagfors constant) by minimizing the
parameter

x2(po) = T. co<r, _ P'(tiDz @)
L

wherc P'(t,p) = P(t,p")lPtslal is the echo power relative to
total fluctuation noise (thermal plus speckle). The errors in
estimating the surface parameters for various choices of
spacecraft altitude and surface roughness paraxneter have been
calculated from a formal error analysis involving the partial

TABLE 4. Formal Errors in Non-Range-Migrated Processine
Spacecraft Hagfors Signal Height Reflectivity Hagfors

Height Parameter Strength Error Error Error
h,km C P*"* A\m Ap AC

l 3 ,  l  l 3

derivatives dPldpo, and are shown in Table 4' where the
power reflection coefficient p, is set to the planetary average
value of 0.14, and P-"*.'is the peak echo power, given in
units of the total accompanying noise fluctuation power.

Increased accuracy in determining the time delay has been
achieved by two further refinements. First, the template
partial derivatives dPldpo are used to estimate the curvature
ofXz(p) and hence to derive second-order corrections to the
surface parameters, This process also yields formal errors and
sensitivities between the parameters. Second, the echo
profiles themselves can be enhanced by a technique that
corrects for "range migration", as illustrated in Figure 10.
The individual Doppler frequency components are shifted
forward in time by an amount that compensates for the
"extra" round-trip echo delay to the surface experienced by
the non-zero-frequency components. This has the effect of
sharpening the leading edge of the echo, and generally
decreases the range efior, Ah, as shown in Table 5. Note,
however, that range migration typically increases the errors
Ap and AC associated with reflectivity and meter-scale
roughness; thus in practice, two sets of multi-look echo
profiles are derived (one that has been range-migrated, the
other not), and these are matched against two sets of
corresponding precomputed templates.

t Delay

Fig. 10. The effects of range migration; in the top diagram, frequency
components arc added together as if they were received simultaneously.
In the range-migrated case, the non-zero frequency components are
shifted forward in time by factors ez in order to sharpen the leading edge
of rhe multi-look echo, thereby improving the range detemrination
accuracy.
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with , describes the beam directed at the nadir point
in Fig. 2. In this case, and putting for convenience, (22)
becomes

(24)

Here, is the modified Bessel function. The asymptotic be-
havior of this function provide the limiting behaviors

(25)

For small delays, the impulse response has the dependence
that is characteristic of pulse-limited altimetry. This arises be-
cause, for small delays, the isorange line (“range-ring”) falls en-
tirely within the beam gain. At longer delays, the dependence
changes to . At these delays, the beam gain illuminates
only a small part of the range ring (rather as drawn in Fig. 4), and
the system is beamlimited along-track, while remaining pulse-
limited across track.

Taking the limit in (25) whilst insisting remains
finite has the effect of making the beam gain negligible except
along the line of scatterers that coincide with the maximum gain
of the beam, and in this case the large limit of (25) holds for
all , as observed previously [13], [19].

A second special case occurs on setting the beam gain to
unity. In this case, (22) for the power impulse response reduces
to that of a conventional, pulse-limited altimeter. In fact, in this
case

(26)

which is Brown’s rough surface impulse response [20], once
allowance is made for the fact that Brown considered a “mis-
pointed” antenna, whereas we consider a surface inclined to a
sphere.

Expressing the impulse response in terms of the delay is
conventional in pulse-limited altimetry. In the case of the beam-
forming altimeter this is not the most useful representation.
Given that the along-track beam width is very much smaller

Fig. 5. Normalized power impulse response
of a spherical surface for the sequence of values of look angle

rad. Increasing look angle corresponds to a smaller
maximum.

than that of the antenna , the integral in (22) is dominated
by the contribution of the beam. One may anticipate from (22)
that the “earliest appreciable part” of the echo occurs around
the earliest times for which the argument of the beam function
in (22) is zero, i.e., when

(27)

This is illustrated in Fig. 5, which shows a set of five, normal-
ized impulse responses from a spherical surface calculated for
the look angles rad. In this
case , so the figure simultaneously illustrates the same
sequence of values of . The rightward shift in the maximum
of the impulse response, increasing parabolically with , is
apparent in the figure. [The most leftward of the impulses re-
sponses is that of (24); the remainder were calculated numeri-
cally from (22).]

One other effect of increasing is also worth noting: the
fall in magnitude and broadening of the impulse responses. This
is due to the fact that as increases, the range of delay times
occupied by the fixed angular width of the beam also increases,
quadratically with . There is also a drop in magnitude as
increases due to the change of the antenna gain with delay time
[the leading exponential in (22)], but, in fact, for the range of
in this example, the change of antenna gain is very small, and
the illustrated effect is almost entirely due to the relationship of
delay time to beam width. (Unless otherwise stated, the numer-
ical values of the antenna and other parameters used in this and
later illustrations are those given in the list of symbols.)

Having obtained the impulse response, we turn to obtaining
the power and echo cross product through the convolution (17).
In pulse-limited altimetry, an asymptotic evaluation [20] of this
convolution integral is widely used in practice, based essen-
tially on the assumption that the pulse duration is very much
less than the echo duration. This assumption is of limited use in
the present case, because, as Fig. 5 shows, the behavior of the
impulse response is very much more complex than that of the
pulse-limited case. It may be used as , and in this case

(28)

showing that the trailing edges of power and cross product
follow that of the impulse response. Beyond this, it seems one
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comparing the values of ! with !"# ! ! !!!!, one sees 
that the echo phase at zero delay is quite well described by 
(2), because the phase departure is a relatively small angle. 
Secondly, one notes too that the phase behavior with delay 
time depends uniquely on !, so that, for example, the delay 
at which the zero-crossing occurs is uniquely determined 
by !. We will make use of this property in the next section.  

 

 

 
Turning to the phase departure itself, !! is a function 

of the interferometer angle and the surface roughness. The 
calculated dependencies are illustrated in fig. 5 for the 
range of interferometer angles and roughnesses with which 
this paper is concerned. The theoretical dependencies 
shown in fig. 5 can be approximated with the simple 
algebraic formula 
 
!! !!!! ! !" ! ! !!!! ! !!!! . (4) 
 
With the values ! ! !!!"!#, ! ! !!!"# m-2 and 
! ! !!!!"# m-4. (4) incurs at worst an error of some 6 
µrad, which is too small to be distinguished in the 
measurements presented here. For simplicity, we take (4) 
to be the theoretical prediction of the behavior of the phase 
departure. 

 
 

 
 

IV. DETERMINATION OF THE INTERFEROMETER ANGLE 
AND THE BASELINE ROLL ANGLE. 

Equation (1) shows that the across-track slope is 
determined from the measurement of the interferometer 
and the baseline roll angles. In this section, we describe 
how these are obtained from the CryoSat-2 data.  

A. The interferometer angle. 
The 20 Hz echoes in the L1b product are reported as 

the power, phase and coherence as functions of echo delay 
time !! ! !, denoted here as ! !! ! ! , ! !! ! !  
and!! !! ! !  respectively, where !! accounts for the fact 
that they take as their time-origin the instant of 
transmission. To estimate the phase difference 
corresponding to the across-track location of first arrival 
(that is, the arrival from the point S in fig. 3), the delay !! 
must be determined. For this purpose, the echo power is 
least-square fitted (or ‘retracked’) with a model ! !! ! !  
in which !! is a free parameter in the fit. This model is an 
analytic approximation to the mean echo power expected 
from the ocean surface. Its definition, and an illustration of 
the fitting, is given in [1]. In detail, the values of !! are 
obtained at 20 Hz, and smoothed to a 2 second average to 
reduce their noise before they are applied to the 20 Hz 
echoes. Examining the residuals from the 2 second 
average, we determined the precision of the retracker to be 
3 cm at 1 second. 
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Fig. 4. The modelled echo cross-product, !!!!. (a) The cross-
product modulus !!!!!! for an interferometer angle of zero and 
surface roughness standard deviations of 0 m, 0.75 m and 1.5 m. 
Increasing roughness corresponds to decreasing amplitude. (b) The 
phase !"#!!!!!!!!!! for a surface roughness standard deviation of 
zero and interferometer angles of -0.1˚ (1.7 mrad), -0.2˚ (3.4 mrad), -
0.3˚ (5.3 mrad) and  -0.4˚ (6.8 mrad). Decreasing angle corresponds 
to decreasing phase. 

Fig. 5. The modelled departure !!!!!!!!! of the interferometric 
phase at zero echo delay time from that deduced from geometric 
considerations alone. (a) The phase departure as a function of angle 
! for fixed surface roughness standard deviations of 0, 0.5 m, 1.0 m, 
1.5 m and 2.0 m. Increasing roughness corresponds to decreasing 
phase departure. (b) The phase departure as a function of surface 
roughness standard deviation for fixed angles ! of 0.1˚, 0.2˚, 0.3˚, 
0.4˚, 0.5˚ and 0.6˚. Increasing angle corresponds to decreasing phase 
departure. 
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variables. However, with that solved it will also be 
possible to routinely correct for the small perturbations 
arising from variations in satellite altitude and satellite 
pitch. While we have not detected these, there is no doubt 
that they will become visible in the measurements if the 
speckle related error is sufficiently reduced. 

Secondly, there remains the possibility of temperature 
related instrument biases at long (> 1000 km) scales. 
Temperature measurements of both the interferometer 
bench, and the SIRAL radar boxes, have been acquired, 
and this might yield useful information. Further roll 
experiments, which sample more closely the orbit period, 
might also provide insight into the long-scale errors.  

In short, we consider that further improvements in the 
ocean performance are possible. 

 

APPENDIX A. THE MODEL OF THE 
INTERFEROMETER CROSS-PRODUCT. 

 
In general, the mean echo cross-product!! at near 

normal incidence from a rough surface is described [8] by 
the triple convolution 
 
! ! ! !! ! ! !! ! ! ! !  (A1) 
 
where !! is the compressed pulse power (also known as 
the ‘single point-target response’), !! is the surface 
elevation probability density function, and ! is the cross-
product ‘impulse response’ of the surface. ! may be 
regarded as a function of delay and interferometer 
baseline, and this function, evaluated for zero baseline, is 
then the echo power. While the cross-product impulse 
response was introduced in [8], the assumptions that lead 
to the decomposition (A1) are identical to those of Brown 
[18], who introduced the impulse response to describe the 
echo power. 

As described in [1], in the SARIN mode of the SIRAL 
altimeter, the resolution in the along-track direction is 
narrowed by aperture synthesis, and the echo is multi-
looked by averaging over look-angle echoes from a given 
surface location. Equation (22) of [8] provides an integral 
description of the mean cross-product impulse-response 
using a circular antenna from a surface inclined to a 
sphere. With the method of [8] it is straight forward to 
arrive at the corresponding expression for the mean multi-
looked echo using a mis-pointed, elliptical antenna from a 
surface inclined to a sphere. This is 

 

! ! ! !
!!!!!!!!!
!"!!!!! ! ! ! ! !!!!

!

! !

!!!!
!

!!! !!!!
!

 

 ! !"!!
! ! !"#$% ! !! !!!!!! !"#$%!!! !!!  

 

           ! !"# !! !"#$%!!! !!! !

!!!
! !"#$%!!!!!! !

!!!
 (A2) 

 
(A2) employs the description 
 

!!!"# !!! !"#!!
!!!

! !"#!!
!!!

  (A3) 

 
for the antennas’ gain pattern, in which ! is the polar angle 
measured from the antennas’ boresight, and ! is its 
azimuthal angle, measured from the along-track direction. 
!! and !!  determine the along- and across-track width of 
the illumination. ! and ! are the pitch and yaw angles 
respectively of the antennas, and ! and ! are the along- 
and across-track components of the surface gradient 
vector. !! is the one-way gain of a synthetic beam, and 
! !  is its pattern at an angle ! from its boresight in the 
along-track direction. !! is the along-track direction of the 
boresight of the !th synthetic beam measured from the 
nadir direction. Its value is 
 
!! ! !!! (A4) 
 
!! is the sampling interval of the beams. !! is the number 
of looks. The parameter ! is given by 
 

! ! !"
!! ! !!

! . (A5) 

 
Writing (A2) this way accounts for the ‘slant range 
correction’ given by equation 27 of [8].  

The CryoSat-2 processor employs  Hamming 
weighting when forming its synthetic beams, and in 
consequence the synthetic beam pattern is  

 
!!! ! !

!!!" ! !!!"!"# !!!"
!!

! ! !!!!!!!!!! !!!!!!!
!!!

!
, (A6) 

 
where !! ! ! is the number of samples in the synthetic 
aperture.  

It should be noted that the dependence of the impulse 
response on the spacecraft attitude is of the form 
! !! !!! ! !!! !!This form is a consequence of using 
small angle approximations for the attitude and surface 
gradient and retaining only the lead order terms. For the 
same reason, (A2) has no sensitivity to the spacecraft yaw 
angle. (See [8] for a more detailed discussion.) The form 
! ! !!! arises because, to this level of approximation, the 
impulse response is not separately sensible to the roll angle 
and the surface slope, but only to their sum: rolling the 
space craft has the same effect on the echo as tilting the 
surface. It is then possible to define an angle ! ! !! ! !!
!. One may then observe that, to the same accuracy of 
approximation, this angle has the geometric interpretation 
shown in fig. 1. Because, here, our concern is a forward 
calculation in which ! and ! are given, it is natural that ! 
arises through identifying it with ! ! !!!. In the main 
text, which is concerned with the measurement, it is 
natural to regard ! and ! as the ‘givens’, and ! as the 
unknown, and thus write the identity in the form of (1) and 
give it there the geometric interpretation of fig. 3. The 
important point, however, is that the two definitions are the 
same.  

With either definition, one may write the impulse 
response as ! !! !! ! ! In the calculations of § III, we have 
taken the pitch angle to be zero, which ignores the small 
sensitivity of (A1) to variations in satellite pitch. With this, 
one has ! !! !! ! ! ! !! ! . This dependence follows for 
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Summary!

•  The ellipticity of the CryoSa-2 antennas introduces small effects in 
low resolution mode (LRM). However, these can be described by 
conventional (Brown) models, provided the trailing edge is correctly 
parameterised.!

•  Modelling the multi-looked echoes requires the calculation of look-up 
tables provided by a numerical model. Equally, look-up tables ranging 
over all parameters of interest can be calculated without undue 
computer effort.!

•  SAR and SARIN mode echoes are distinct in character from pulse-
limited echoes. Their close description requires accounting for the 
multi-looking, and in particular for the arrival-time distribution of off 
nadir echoes. Simple models based on analytic models of the normal 
incidence beam will bias estimates of ocean surface parameters.!


